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Abstract
We study the spectrum of pure massless higher spin theories in AdS3. The light
spectrum is given by a tower of massless particles of spin s = 2, · · · , N and their multi-
particles states. Their contribution to the torus partition function organises into the
vacuum character of theWN algebra. Modular invariance puts constraints on the heavy
spectrum of the theory, and in particular leads to negative norm states, which would
be inconsistent with unitarity. This negativity can be cured by including additional
light states, below the black hole threshold but whose mass grows with the central
charge. We show that these states can be interpreted as conical defects with deficit
angle 2pi(1−1/M). Unitarity allows the inclusion of such defects into the path integral
provided M ≥ N .
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1 Introduction
Interacting theories of massless higher spin fields on AdS3 have remarkable properties. Con-
sistent theories where the graviton couples to a finite tower of higher spin particles appear
to exist [1], unlike what happens in higher dimensions. As with the graviton, these higher
spin fields do not have propagating degrees of freedom and these theories are ‘locally trivial’.
The interesting dynamics is confined to the boundary and is described by a two dimensional
conformal field theory. As shown in the seminal work by Brown and Henneaux [2] the asymp-
totic symmetries of standard gravity on AdS3 are described by two copies of the Virasoro
1
algebra with a central extension already at the classical level and whose central charge is
given by
cg =
3ℓ
2GN
(1)
where ℓ is the radius of AdS3 and GN the 3d Newton constant. In the case of higher
spin gravity and for massless particles of spin s = 2, · · · , N the asymptotic symmetries are
described by two copies of the WN algebra, with the same central charge [3,4]. It is believed
that this algebra survives at the quantum level, see [5]. Although these theories possess a rich
spectrum of classical solutions, see for instance [6], it is natural to ask whether they provide
consistent theories of quantum gravity, or they suffer from pathologies at the quantum level.
Indeed, as discussed in [7], it is hard to imagine how a finite tower of massless higher spins
could arise from limits of string theory. This question can also be rephrased in terms of the
dual CFT, and we can ask whether consistent unitary, irrational 2d CFTs with extended
symmetry WN exist.
In this paper we study the spectrum of massless higher spin theories on thermal AdS3.
The partition function is highly constrained by consistency conditions, including unitarity,
modular invariance, and WN symmetry. We will follow two complementary approaches. In
the first part of the paper we study the thermal partition function of a unitary conformal field
theory with central charge c and symmetry WN , in the irrational regime where c > N − 1.
In the simplest set-up, corresponding to ‘pure’ higher spin gravity, the light spectrum of the
theory arranges into the vacuum character ofWN and the question is what does modular in-
variance say about the heavy spectrum, above the BTZ threshold. We follow two procedures
to construct spectral densities consistent with a given light spectrum, modular invariance,
and WN symmetry: the Poincare construction [8, 9] and the Rademacher construction [10].
The resulting densities display some unphysical features. In particular:
a) The spectrum of energies at fixed spin is continuous, rather than discrete.1
b) For sufficiently low energy the resulting spectrum contains negative norm states, and
hence is inconsistent with unitarity.
An important comment is in order. In both constructions, Poincare and Rademacher,
there are ambiguities in the heavy spectrum, consistent with both modular invariance and
WN symmetry. An example of such an ambiguity is given by the Poincare construction
starting with a heavy ‘seed’. These ambiguities allow for small (non-exponential) changes
to the spectrum. This makes the problem a) not very serious, since it could be that such
ambiguities render the spectrum discrete. On the other hand, one can check that the number
1The Poincare construction in the Virasoro case leads to a degeneracy of −6 at the BTZ threshold. The
Rademacher construction, and both constructions for N > 2, are smooth at threshold.
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of states with negative norm is exponentially large for large values of the central charge,
even at finite spin. Hence problem b) appears to be more serious. This negativity was
first observed in [11] for pure gravity, and in this paper we show that it persists for pure
HS gravity. We argue that a ‘minimal’ modification to the light spectrum that cures this
problem is to add a tower of scalar operators with dimensions
∆ =
c−N + 1
12
(
1− 1
M2
)
+ · · · , M = N,N + 1, · · · . (2)
While unitarity imposes non-trivial constraints on the representations that can appear for
N > 2, see [12], it turns out these operators are consistent with those bounds, so that in
principle this is allowed by unitarity.
In the second part of the paper we interpret these states in terms of HS gravity on AdS3.
For N = 2 it has been shown that these states have the interpretation of a conical defect
geometry, with deficit angle 2π(1 − 1
M
), see [13], and it has been argued that they must
be included in the Euclidean path integral of 3d gravity. In this paper we show that this
interpretation extends to general WN , by studying the one-loop partition function of HS
gravity on a quotient of thermal AdS3 by ZM . Quite remarkably we show that only conical
defects with M ≥ N are consistent with unitarity, in agreement with the range in (2). For
conical defects this bound is stronger than the unitarity bounds found in [12]. As a byproduct
we also compute the one-loop correction to the relation between the 2d central charge c, and
the ‘gravitational’ central charge cg that arises from the Brown-Henneaux procedure for HS
gravity on AdS3. We find
c = cg + 2N
3 −N − 1 + o(1) (3)
where o(1) vanishes for large central charge. For N = 2 we recover c = cg + 13, which has
also been obtained in [14, 15], from both CFT and bulk points of view.
This paper is organised as follows. In Section 2 we compute the Poincare and Rademacher
sums of the WN vacuum character. In Section 3, we show these spectra have a density of
states that is not positive-definite, and we describe a natural way to remove these negativities.
In Section 4, we show these additional states can be naturally viewed as conical defects in
the higher spin gravity theory, and provide some checks at one loop. Finally we conclude
and discuss some possible future directions in Section 5.
2 Modular densities in HS gravity
Consider a unitary irrational 2d CFT with WN symmetry and central charge c > N − 1. Its
states are labelled by the conformal weights (h, h¯) and its torus partition function is given
3
by
Z(q, q¯) =
∑
h,h¯
qh−c/24q¯h¯−c/24 (4)
where q = e2πiτ , q¯ = e−2πiτ¯ with τ the modulus of the torus. This partition function satisfies
a lists of constraints. First, the CFT possesses WN symmetry. Hence its partition function
on a torus can be decomposed intoWN characters. W2 corresponds to the Virasoro algebra,
where the conserved current is the spin two stress-tensor. For WN we have a tower of
conserved currents, up to spin N . The generic characters for WN algebras are not known.
However, they are known in the case where the chemical potential for the higher spin currents
is turned off. For a generic W (d1, · · · , dr) algebra the characters take the form
χvac(q) =
q−cˆ
η(q)r
r∏
i=1
di−1∏
j=1
(1− qj), χh(q) = q
h−cˆ
η(q)r
(5)
where cˆ = c−r
24
. For simplicity we can assume all di are different and in this notation
WN = W(2, 3, · · · , N). Although our methods apply equally well to other cases, our main
focus will be WN . In this case
χ(N)vac (q) =
q−cˆ
η(q)N−1
N−1∏
i=1
(1− qi)N−i, χ(N)h (q) =
qh−cˆ
η(q)N−1
(6)
where cˆ = c−(N−1)
24
. Our first assumption will be that the partition function can be decom-
posed into such characters
Z(q, q¯) = χ(N)vac (q)χ¯
(N)
vac (q¯) +
∑
h,h¯
dh,h¯χ
(N)
h (q)χ¯
(N)
h¯
(q¯). (7)
We have assumed there is no other conserved currents (other than those of theWN algebra).
The integer numbers dh,h¯ count the multiplicities of WN primaries (but we are only turning
on the conformal dimensions (h, h¯) and no other chemical potential). The second assumption
is that the theory is unitary. For a unitary theory the degeneracies dh,h¯ are non-negative.
Furthermore, the representations that appear in the character decomposition must be uni-
tary. This is non-trivial forWN for N > 2, see [12], and it implies a gap between the vacuum
and the next operator
h ≥ hcrit = c− (N − 1)
24
(
1− 6
⌊
N
2
⌋
N(N2 − 1)
)
, (8)
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and the same for h¯. As shown in Appendix B, the requirement of unitarity makes WN
symmetry stronger thanW2, as expected. Our third assumption is that the partition function
satisfies modular invariance. Modular invariance is generated by γ ∈ PSL(2,Z) acting on
the complex moduli of the torus as follows
τ → γτ = aτ + b
sτ − r , τ¯ → γτ¯ =
aτ¯ + b
sτ¯ − r , (9)
where a, b, s, r are integers, s is taken to be positive, and ar + bs = −1. Note that this con-
dition implies r, s are coprime: (r, s) = 1. Since this transformation results in an equivalent
torus, the partition function should be invariant
Z(q, q¯) = Z(γq, γq¯), (10)
where it will be convenient to choose a parametrisation where
q = e−β+
2piir
s , γq = e
− 4pi2
s2β
+ 2piia
s , (11)
q¯ = e−β¯−
2piir
s , γq¯ = e
− 4pi2
s2β¯
− 2piia
s . (12)
Our last assumption is some spectrum of light operators, where by light we denote operators
below the BTZ threshold at h = h¯ = cˆ. With these assumptions, we would like to construct
the resulting partition function, or equivalently, the density ρ(h, h¯) ofWN primaries. To this
end it is convenient to define a new partition function, also modular invariant, given by
Zp(q, q¯) =
(
y1/2η(q)η(q¯)
)N−1
Z(q, q¯), (13)
where y = Im(τ). This has the decomposition
Zp(q, q¯) = y
N−1
2

vac+∑
h,h¯
qh−cˆq¯h¯−cˆ

 = y N−12 (vac+ ∫ dhdh¯ρ(h, h¯)qh−cˆq¯h¯−cˆ) , (14)
where the sum runs over WN primaries, and the density ρ(h, h¯) is defined such that∫ h0+∆h
h0
∫ h¯0+∆h¯
h¯0
dhdh¯ρ(h, h¯) (15)
is the number of primary states in the range (h, h¯) ∈ [h0, h0 + ∆h] × [h¯0, h¯0 + ∆h¯]. For a
discrete spectrum the density is a sum over delta functions. In terms of Zp(q, q¯) modular
invariance reads
vac+
∫
dhdh¯ρ(h, h¯)qh−cˆq¯h¯−cˆ =
(
γy
y
)N−1
2
(
γ vac+
∫
dhdh¯ρ(h, h¯)(γq)h−cˆ(γq¯)h¯−cˆ
)
. (16)
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For a general modular transformation we have
τ = x+ iy =
β
2π
i+
r
s
, τ¯ = x− iy = − β¯
2π
i+
r
s
(17)
so that y = β+β¯
4π
, while γy = π
s2
(
1
β
+ 1
β¯
)
, which leads to
γy
y
=
1
s2
4π2
ββ¯
=
1
sτ − r
1
sτ¯ − r . (18)
We can follow two methods to construct such densities, which we briefly discuss. One is
the Poincare construction. The other is the Rademacher construction.
2.1 Poincare construction
The idea of the Poincare construction is very simple [8, 9]. We start with a light ‘seed’ of
conformal weights (h0, h¯0) and then sum over all its PSL(2,Z) images:
ZPoincare(τ, τ¯) =
∑
γ ∈Z\PSL(2,Z)
χ
(N)
h0
(γτ)χ¯
(N)
h¯0
(γτ¯ ). (19)
This sum is in principle divergent, but as show in [8, 9] zeta-function regularisation can
be used to define a partition function. Our aim here is to obtain explicit results for the WN
case. Since we are ultimately interested in the density of states, we find it convenient to
used the method of kernels discussed in [13]. For a given seed, the idea is to compute the
contribution to the density of states coming from one of the PSL(2,Z) images of the seed,
and then sum over all images. It is convenient to work at the level of Zp(q, q¯) defined in (14)
and define the modular kernel K
(w,γ)
h′,h as the solution to the density for the following problem:∫ ∞
0
dh′K(w,γ)h′,h e
2πiτh′ = (−i(sτ − r))−we2πi(γτ)h. (20)
In words, the modular kernel expresses a transformed character (appropriately rescaled,
as in (14)) as a linear combination of untransformed characters. Because of the factors of y
present in (14), we need such expression for general weights w. We will be interested in the
case w = N−1
2
. The solution is given by:
K
(w,γ)
h′h = ǫ(w, γ)
(
2π
s
)(
h′
h
) w−1
2
e
2pii
s
(ah−rh′)I
w−1
(
4π
√−h′h
s
)
(21)
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where ǫ(w, γ) is a h, h′-independent phase (see (A.6) of [13]). We will now consider a seed
with arbitrary weights (h0, h¯0) and compute the resulting density for weights (h, h¯). As in [9]
it will be convenient to parametrise the seed and densities in terms of energies and spins,
defined by
E = h0 + h¯0 − 2cˆ, J = h0 − h¯0, (22)
e = h+ h¯− 2cˆ, j = h− h¯, (23)
where recall cˆ = c−N+1
24
. The seed will then produce a term in the partition function propor-
tional to
q
E+J
2 q¯
E−J
2 . (24)
The Poincare sum of (24) is then given by
ρE,J(e, j) =
1
2
∑
γ∈Z\SL(2,Z)
K
(w,γ)
e+j
2
,E+J
2
K
∗(w,γ)
e−j
2
,E−J
2
=
1
2
∞∑
s=1
∑
r∈(Z/sZ)∗
∞∑
n=−∞
e
2pii
s
(aJ−rj)e2πinj [. . .]
=
∞∑
s=1
K(j, J ; s)
s2w
ρs=1E/s2,J/s2(e, j). (25)
Some comments are in order in (25). In the first line, the factor of 1
2
is due to the Jacobian
of switching from (h, h¯) to (e, j). In the second line, we expanded the sum in Z\SL(2,Z),
where we have taken r′ = r − ns. The [. . .] refer to the remaining terms in the kernel (21),
i.e.
(
2π
s
) (
h′
h
) w−1
2 I
w−1
(
4π
√−h′h
s
)
which we suppressed for brevity. The sum over n simply
projects onto integer spin j. Finally in the last line, K(j, J ; s) is a Kloosterman sum, defined
as
K(j, J ; s) =
∑
r∈(Z/sZ)∗
e
2pii
s
(aJ−rj), −ar ≡ 1 (mod s) (26)
and ρs=1E/s2,J/s2(e, j) is defined as
ρs=1E,J (e, j) = 2π
2(−E + J) 1−w2 (−E − J) 1−w2 (e− j) w−12 (e+ j) w−12
× I
w−1
(
2π
√−E + J
√
e− j
)
I
w−1
(
2π
√−E − J
√
e+ j
)
. (27)
7
where as explained above w = N−1
2
. All in all, the Poincare density for a seed with quantum
numbers (E, J) for a theory with WN symmetry is given by
ρ
(N)
E,J(e, j) =
∑
s=1,2,3,···
K(j, J, s)
sN−1
ρ
(N),s=1
E/s2,J/s2(e, j) (28)
with
ρ
(N),s=1
E,J (e, j) = 2π
2(−E + J) 3−N4 (−E − J) 3−N4 (e− j)N−34 (e+ j)N−34
× IN−3
2
(
2π
√−E + J
√
e− j
)
IN−3
2
(
2π
√−E − J
√
e+ j
)
.
(29)
As a side remark, note that the convergence properties of the sum over images improves for
large N . For N > 3 the results are absolutely convergent. The case N = 3 is discussed in
Appendix A.
2.2 Rademacher construction
We can also construct a density of states consistent with a seed (E, J) and modular invariance
by following the Rademacher procedure introduced in [10]. The discussion forWN very much
mimics the discussion for W2, and we refer the reader to [10] for the details. The idea is to
look at the modular equation (16) in x, y variables
vac+
∑
j,e
ρ(e, j)e2πijxe−2πye =
(
1
(sx− r)2 + s2y2
)N−1
2 ∑
j′,e′
e
2piia
s
j′e
2pii(r−sx)j′
s(r−sx)2+s3y2 e
− 2piye′
(r−sx)2+s2y2 ,
(30)
and assume x, y are independent complex variables. We can then study this equation in the
complex (x, y) plane. These modular relations together with the existence of light operators
imply a tower of essential singularities at points
x = ±iy + r
s
. (31)
We assume the existence of at least one such light operator, with quantum numbers (E, J),
which produces such a essential singularity
vac+
∑
j,e
ρ(e, j)e2πijxe−2πye ∼
(
1
(sx− r)2 + s2y2
)N−1
2
e
2piia
s
Je
2pii(r−sx)J
s(r−sx)2+s3y2 e
− 2piyE
(r−sx)2+s2y2 , (32)
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In order to proceed we rewrite the l.h.s. as
∑
j,e
ρ(e, j)e2πijxe−2πye =
∞∑
j=−∞
aj(y)e
2πijx (33)
where we have taken into account the spin is discrete and aj(y) encodes the contribution
to the partition function from operators with a given spin. Following exactly the procedure
in [10] the relation (32) leads to an expression for aj(y), which for s = 1 is given by
as=1j (y) = −i
∫ 1
2piy
+i∞
1
2piy
−i∞
dw
(2π)N−2wN−3
(4πwy − 1)N−12
ej(
1
w
−2πy)e
2pi2w
4piwy−1
κ−e2π
2wκ+, (34)
where κ± = −(E±J) and w = − 12πi(x+iy) . ForN = 2 this reduces to the integral encountered
in [10], and for general N can be computed in exactly the same way: expand in powers of j
and κ+ and use the identity
1
2πi
∫ 1
2piy
+i∞
1
2piy
−i∞
dw
wα
(4πwy − 1)β e
2π2κ+w =
κ−α+β−1+ 1F˜1
(
β; β − α; κ+π
2y
)
2α+β+1π2α−β+2yβ
, (35)
term by term, where 1F˜1 is regularized hypergeometric function. Once we obtain a
s=1
j (y) as
an expansion, we can find the resulting density ρ(e, j) by an inverse Laplace transform. This
procedure can be repeated for any value of s and the final result again takes the form
ρ
(N)
E,J(e, j) =
∑
s=1,2,3,···
K(j, J, s)
sN−1
ρ
(N),s=1
E/s2,J/s2(e, j) (36)
where now
ρ
(N),s=1
E,J (e, j) = 2π
2(−E + J) 3−N4 (−E − J) 3−N4 (e− j)N−34 (e + j)N−34
× IN−3
2
(
2π
√−E + J
√
e− j
)
I−N−3
2
(
2π
√−E − J
√
e+ j
)
.
(37)
The result is almost identical to that of the Poincare construction, except the inverse of the
second Bessel function has the opposite sign. For odd N the results actually agree, since for
integer n we have I−n(z) = In(z). For even N and in the regime where the density grows
exponentially, the two results differ by an exponentially suppressed contribution since
Iν(z) ∼ 1√
2πz
(
ez
(
1 +
1− 4ν2
8z
+ · · ·
)
− ie−iπνe−z
(
1− 1− 4ν
2
8z
+ · · ·
))
. (38)
Both constructions, of course, have the Cardy behaviour as can be seen in the leading
behaviour of (38) at large z.
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3 Negative norm states and how to cure them
We now will discuss if the spectra computed in Section 2 are consistent with the basic axioms
of CFTs. The first comment we make is that much like the MWK spectra [8,9], the spectra we
compute here are continuous, rather than discrete sums of delta functions. This is indicative
of them not being consistent with being the spectra of a single compact, unitary WN CFT.
However, it is possible they may be interpreted as an ensemble average of CFTs2. In this
section we will show that the spectra have a more serious problem, which is they are not
positive definite. In particular, at certain spins and energies, they have an arbitrarily large
negative number of states. This is very similar to the Virasoro case of the MWK partition
function, as pointed out in [11].
Let us first write the full density of states for either the Poincare or Rademacher sum of
a WN vacuum primary operator at central charge c. The WN vacuum character is given by
χ0(τ) =
q−
c−N+1
24
η(τ)N−1
N−1∏
i=1
(1− qi)N−i. (39)
If we define
N−1∏
i=1
(1− qi)N−i =
N3−N
6∑
i=0
cN(i)q
i, (40)
then the exact density of states is given by
ρ(N)(e, j) =
N3−N
6∑
i=0
N3−N
6∑
i¯=0
cN(i)cN (¯i)ρ
(N)
− c−N+1
12
+i+i¯,i−i¯(e, j) (41)
where
ρ
(N)
E,J(e, j) =
∞∑
s=1
K(j, J ; s)
sN−1
ρ
(N),s=1
E/s2,J/s2(e, j) (42)
and ρ
(N),s=1
E,J (e, j) is defined by either (29) or (37), for the Poincare and Rademacher sum
respectively.
In the negativity we will discover, we need to take the limit as the energy approaches
the spin, i.e. e → j.3 This limit is taken before the limit of large central charge. The
2See e.g. [16, 17] for recent discussions of a simpler setting of an ensemble average of CFTs with a
holographic dual.
3For convenience, in this section, we will always take j ≥ 0 without loss of generality. The density of
states for negative j is the same as the density of states for its absolute value.
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density of states in this limit drastically simplifies. In particular, for both the Poincare and
Rademacher constructions, we have the scaling behavior
ρ
(N),s=1
E,J (e, j) ∼ (e− j)
N−3
2 (43)
as e → j. However in (41), (42), due to the properties of the function cN(i) and the
Kloosterman sums, the s = 1, 2, . . .N − 1 terms vanish more severely than (43) in the limit
e → j. Therefore in that limit, the dominant contribution comes from the s = N term in
(42). However, for s > 1, the expression is no longer manifestly positive. We may ask how
worrisome this negativity is. In other words, since we have a continuous density, we need to
count the number of states with negative norm. This is simply given by the integral of the
density over the range where it is negative. We obtain
negative states ∼
∫ j+e− 8piN2√ c−N+124 j
j
(e− j)N−32 e 4piN
√
c−N+1
24
jde ∼ e 4piN2
√
c−N+1
24
j (44)
in particular, for either large central charge or large spin, the number of operators with
negative norm is exponentially large.
One natural way to cure such negativities is to include the Poincare or Rademacher sum
of a sufficiently low-twist operator, where we define the twist of an operator as min(h, h¯).4
In order to remove the negativity, we actually consider two separate regimes:
1. j ≫ c≫ 1
2. c≫ 1, j ≪ c.
Region 1 will lead us to add an operator with min(h, h¯) ≤ c−N+1
24
(
1− 1
N2
)
. Region 2 is more
subtle. It will lead us to add a certain number of states scaling as
min(h, h¯) ≤ c
24
(
1− 1
N2
)
+O(1). (45)
Moreover, if we saturate (45), there is a minimum number of states we must add. In particular
we will need to add a minimum of Nφ(N)
gcd(φ(N),N−1) states, where φ(N) is the Euler totient
function. Finally, if we add the exact minimum number of states scaling as (45), then the
4In [18, 19], it was argued that such a negativity can be also cured in a modular invariant way without
introducing low-twist operators. It would be interesting to either prove or disprove that introducing a
low-twist operator is the only way to avoid such negativities.
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one-loop piece of (45) is fully-determined as well. In particular, the average of all states
added must obey
min(h, h¯) ≤ c−N + 1
24
(
1− 1
N2
)
+
N2 − 1
12N
=
c+N + 1
24
(
1− 1
N2
)
. (46)
We illustrate this for the case of both W2 (Virasoro) and W3, and then discuss the general
WN case in the following sections.
3.1 Example: W2 (Virasoro)
The positivity of the density of states for the SL(2,Z) sum of the Virasoro vacuum character
was analyzed in [11] for large spin, and in [10] for finite spin; we restate the results here,
focusing not on the large spin regime, but the regime where the spin is much less than the
central charge. The vacuum character of the Virasoro algebra for c > 1 is
χ0(τ) =
e−2πiτ(
c−1
24 )
η(τ)
(1− q). (47)
In our notation (40), we would then have
c2(0) = 1, c2(1) = −1. (48)
In the limit of e → j and large c (where we first take e → j), the density of states (41,
42) is dominated by the smallest s such that the answer is nonzero. In particular there must
exist some spin mod s and some k = 0, 1 where
c2(k)
1∑
i=0
K(j, k − i; s)c2(i)
s
(49)
is nonzero. In the limit of large c, (49) will then multiply exp
(
2π
√(
c−1
24
− k) j). This is
the same behaviour we see for a non-degenerate Virasoro primary of twist c−1
24
(
1− 1
s2
)
+ k
s2
.
For s = 1, (49) always vanishes. We summarize the values of (49) for s = 2 in the Table 1.
We then see from Table 1 that the density of states goes roughly as
ρj(e) ∼ −e
2π
√
( c−124 )j
√
e− j −
e
2π
√
( c−124 −1)j
√
e− j (50)
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k Multiplying what? j even j odd Twist to add
0 exp
(
2π
√(
c−1
24
)
j
)
+1 −1 c−1
24
(
1− 1
22
)
1 exp
(
2π
√(
c−1
24
− 1) j) +1 −1 c−1
24
(
1− 1
22
)
+ 1
4
Average: (positive) −1(0)−1(
1
4
)
2 = − 18 c−124
(
1− 1
22
)
+ 1
8
(two states)
Table 1: In this table, we look at the negativity in the Virasoro vacuum character’s modular
sum. The entries in the third and fourth columns evaluate (49) at s = 2 (the smallest value
of s such that (49) is non-vanishing) for the values of k and j indicated. The second column
indicates the magnitude of this term to the partition function at large j or large c, and the
last column indicates the twist necessary to add in order to obtain a comparable density
of states from a non-vacuum state. We see there is negativity for odd spins. At finite j
and large c, for both of these, we can cure the negativity by introducing two states with
min(h, h¯) ≤ c−1
24
(
1− 1
22
)
+ 1
8
.
for odd j when we take the limit e→ j. If we add the SL(2,Z) sum of two primary operators
with dimensions scaling as min(h, h¯) = c−1
32
+ ti
4
, then the density of states in this limit looks
like
ρj(e) ∼ −e
2π
√
( c−124 )j
√
e− j −
e
2π
√
( c−124 −1)j
√
e− j +
2∑
i=1
e
2π
√
( c−124 −ti)j
√
e− j . (51)
We now ask: in (51), for what values of ti is the expression positive? If we take the limit of
large spin, i.e. j ≫ c, this implies that there is at least one operator with ti ≤ 0. Instead let
us take the limit of j ≪ c. In that limit (51) becomes
ρj(e) ∼ e
2π
√
( c−124 )j
√
e− j
(
−π
√
24j
c− 1(t1 + t2 − 1) +O(c
−1)
)
(52)
which is non-negative at this order in the 1/c expansion if the average of the ti’s we add is
less than or equal to 1
2
. This means that the states we added obey
min(h, h¯) ≤ c− 1
24
(
1− 1
22
)
+
1
8
. (53)
The value in (53) (including the one-loop shift) has a very natural gravitational interpretation
as a conical defect geometry explored in [13]. We will review this in Section 4, and generalize
to the case of WN . Note that if we added more than two states we would not get any
nontrivial condition on the twist of the added operators in the regime where j ≪ c.
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3.2 Example: W3
Let us now redo this computation for the case of W3. The vacuum character of the W3
algebra for c > 2 is
χ0(τ) =
e−2πiτ(
c−2
24 )
η(τ)2
(1− 2q + 2q3 − q4). (54)
Again, in our notation (40), we would then have
c3(0) = 1, c3(1) = −2, c3(2) = 0, c3(3) = 2, c3(4) = −1. (55)
In the limit of e→ j and large c, the density of states (41, 42) is dominated by the smallest
s such that the answer is nonzero. In particular there must exist some spin mod s and some
k = 0, 1, . . . , 4 where
c3(k)
4∑
i=0
K(j, k − i; s)c3(i)
s2
(56)
is nonzero. In the limit of large c, (56) will then multiply exp
(
4π
√
( c−224 −k)j
s
)
. This is the
same behavior we see for a non-degenerateW3 primary of twist c−224
(
1− 1
s2
)
+ k
s2
. For s = 1, 2
(56) always vanishes. We summarize the values of (56) for s = 3 in the Table 2.
In the limit where j ≫ c, the most important term is the largest exponential in the
spin, which occurs for j ≡ 1 (mod 3). Therefore we need to add a state with min(h, h¯) ≤
c−2
24
(
1− 1
32
)
. However, this is not sufficient. For spins j that are much smaller than the
central charge, we have not sufficiently cured all the negativity in Table 2. For spins j ≡
1, 2 (mod 3), we need three states with an average shift of 2
9
. In other words, we need three
states with an average twist of
min(h, h¯) ≤ c− 2
24
(
1− 1
32
)
+
2
9
. (57)
To see this, let us take j ≡ 1 (mod 3) as an example. Suppose we add the Poincare sum of
three states with twists
min
(
h, h¯
)
=
c− 2
24
(
1− 1
32
)
+
ti
9
+O(c−1) (58)
for i = 1, 2, 3, and where each of the ti’s are O(1) numbers. Then the total density of states
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k Multiplying what? j ≡ 0 (mod 3) j ≡ 1 (mod 3) j ≡ 2 (mod 3) Twist to add
0 exp
(
4π
√
( c−224 )j
3
)
+1 −1 0 c−2
24
(
1− 1
32
)
1 exp
(
4π
√
( c−224 −1)j
3
)
+2 0 −2 c−2
24
(
1− 1
32
)
+ 1
9
2 exp
(
4π
√
( c−224 −2)j
3
)
0 0 0 c−2
24
(
1− 1
32
)
+ 2
9
3 exp
(
4π
√
( c−224 −3)j
3
)
+2 −2 0 c−2
24
(
1− 1
32
)
+ 3
9
4 exp
(
4π
√
( c−224 −4)j
3
)
+1 0 −1 c−2
24
(
1− 1
32
)
+ 4
9
Average: (positive) −1(0)−2(
3
9
)
3 = − 29
−2( 1
9
)−1( 4
9
)
3 = − 29 c−224
(
1− 1
32
)
+ 2
9
(three states)
Table 2: In this table, we look at the negativity in theW3 vacuum character’s modular sum.
The entries in the third, fourth, and fifth columns evaluate (56) at s = 3 (the smallest value
of s such that (56) is non-vanishing) for the values of k and j indicated. The second column
indicates the magnitude of this term to the partition function at large j or large c, and the
last column indicates the twist necessary to add in order to obtain a comparable density of
states from a non-vacuum state. We see there is negativity for spins j ≡ 1, 2 (mod 3). At
finite j and large c, for both of these, we can cure the negativity by introducing three states
with min(h, h¯) ≤ c−2
24
(
1− 1
32
)
+ 2
9
.
at spin j ≡ 1 (mod 3) for j ≪ c is
ρj ∼ −e
4pi
3
√
( c−224 )j − 2e 4pi3
√
( c−224 −3)j +
3∑
i=1
e
4pi
3
√
( c−224 −ti)j
∼ e 4pi3
√
( c−224 )j
(
(4π − 2π(t1 + t2 + t3)
3
)
√
j
c−2
24
+O (c−1)
)
(59)
which is positive if the average of the ti’s is at most 2, reproducing (57). Note that if we
added fewer than three states, then at sufficiently large c, the density of states would become
negative. We find similar results by considering j ≡ 2 (mod 3).
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3.3 WN
More generally, for WN , we can repeat the same calculation. The expression
cN (k)
N3−N
6∑
i=0
K(j, k − i; s)cN (i)
sN−1
(60)
is nonzero for s ≥ N . In particular, if we minimize over j, we find that
minj
N3−N
6∑
i=0
N3−N
6∑
k=0
cN(i)cN (k)K (j, k − i;N)
NN−1
= − Nφ(N)
gcd(φ(N), N − 1) (61)
where φ(N) is the Euler totient function. We can now compute the average shift necessary to
cure the negativity after introducing Nφ(N)
gcd(φ(N),N−1) primary operators, each with twist scaling
as (to leading order in c) min(h, h¯) ∼ c
24
(
1− 1
N2
)
. We find that
(
− Nφ(N)
gcd(φ(N), N − 1)
)−1 N3−N6∑
i=0
N3−N
6∑
k=0
(
cN (i)cN(k)K (j, k − i;N)
NN−1
)
×
(
k
N2
)
=
N2 − 1
12N
(62)
where in (62), j is given by any j such that (61) is minimized.5
Thus, we will find that we need states with an average twist of
min(h, h¯) ≤ c−N + 1
24
(
1− 1
N2
)
+
N2 − 1
12N
. (63)
4 Conical defects in HS gravity
In previous sections we have seen that the partition function of ‘pure’ HS gravity on AdS3
possesses states of negative norm. A scenario to cure this negativity is to consider extra
operators below the BTZ threshold, whose twist behaves as
τM =
c− (N − 1)
24
(
1− 1
M2
)
+ · · · , M ≥ N. (64)
5We have checked (61, 62) up to N = 16. It would be interesting to prove both analytically.
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In the case of pure gravity on AdS3, corresponding to a CFT with Virasoro symmetry, it has
been argued that such states have the interpretation of conical singularities, which should be
added to the path integral. In this section, we consider conical singularities in HS gravity,
and compute their contribution to the Euclidean partition function.
We are interested in computing the one loop Euclidean partition function for quadratic
fluctuations around thermal AdS3
Z(q) =
∫
[Dϕ]e−S[ϕ], (65)
where q = e2πiτ , with τ the complex structure of the torus at the boundary of thermal AdS3.
For now we are only summing over smooth geometries6. S[ϕ] is the action for a tower of
massless higher spin fields ϕ(s), with s = 2, · · · , N . The quadratic part of the action is simply
the sum of individual actions S[ϕ(s)]. S[ϕ(2)] is the familiar gravity action on AdS3, while
S[ϕ(s)] is the Fronsdal action for a massless spin-s field in AdS3. It then follows that the
partition function is the product of spin-s partition functions
Z(q) =
N∏
s=2
Z(s)(q). (66)
The one-loop partition function Z(s)(q) for spin two was computed in [20], while for generic
spin s was computed in [5]. It takes the form
Z(s)(q) = (qq¯)−
1
24
ǫ(s)
∞∏
n=s
1
(1− qn)(1− q¯n) , q = e
2πiτ , (67)
with ǫ(s) a one-loop shift of the central charge, which is ǫ(2) = 13 for spin two, see [14, 20],
and will be given below for general spin. Plugging this into the expression for the partition
function we find
Z(q) = (qq¯)−
cg
24
+ shift
24
N∏
s=2
∞∏
n=s
1
(1− qn)(1− q¯n) ∼ χ
(N)
vac (q)χ
(N)
vac (q¯), (68)
where we have included the tree level contribution (qq¯)−
cg
24 together with the resulting shift
of the central charge. Here cg is the gravitation central charge that arises from the Brown-
Henneaux procedure. Up to a one-loop shift, this exactly agrees with the vacuum character
6More precisely HS gravity on AdS3 is described in terms SL(N,R)×SL(N,R) connections, and smooth-
ness of the metric, which is not a gauge invariant concept, is replaced by triviality of the holonomies around
the thermal circle.
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of WN × W¯N algebra. This is of course expected, since this is the algebra of asymptotic
isometries. We will now proceed as follows. First we will show how to reproduce (67) using
the heat kernel method. With this method we will then generalise the result to non-smooth
geometries, corresponding to the presence of conical singularities.
4.1 The heat kernel
Suppose we want to compute the following partition function to one-loop
Z =
∫
Dϕe− 1~2
∫
M
d3x
√
gϕ∆ϕ (69)
for a free scalar field ϕ and where ∆ is the Laplacian operator on M. This is simply a
Gaussian integral and the result can be given in terms of the determinant of ∆. For compact
M the Hilbert space admits a discrete basis in terms of the eigenfunctions of ∆:
∆ϕn(x) = λnϕn(x). (70)
It is often the case that such a basis is complete, and can also be chosen to be orthonormal,
so that ∑
n
ϕn(x)ϕn(y) = δ(x, y),
∫
M
d3x
√
gϕm(x)ϕn(x) = δmn, (71)
where δ(x, y) is the appropriate delta-function onM and for simplicity we have assumed the
basis is real. Then the determinant is given by
S(1) = −1
2
log det∆ = −1
2
∑
n
log λn. (72)
The heat kernel method provides a very powerful way to compute this.7 Introduce the heat
kernel
K(t; x, y) = 〈y|e−t∆|x〉 =
∑
n
ϕn(x)ϕn(y)e
−λnt. (73)
Then using the completeness relation it follows
S(1) =
1
2
lim
α→0
∂α
∫ ∞
0
dt
tα−1
Γ(α)
∫
M
d3x
√
gK(t; x, x). (74)
7See [21] for a thorough review, and [20] for one of the original applications to the present context.
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The advantage of writing the determinant in terms of the heat kernel is that K(t; x, y) can
also be defined as the unique solution to the following problem
(∂t +∆x)K(t; x, y) = 0, K(0, x, y) = δ(x, y), (75)
and it is usually simpler to solve this rather than the original problem. Before we move on
to the case of interest, a few comments are in order. First, the method applies to fields with
spin. In that case the heat kernel has to be supplemented with spin indices K(t; x, y) →
Ka,b(t; x, y). Second, for the case of interest M will be non-compact. In this case we have
a continuous spectrum and the determinant will contain a divergence proportional to the
volume of M. Third, once the heat kernel is computed for a given manifold M it is in
principle straightforward to compute the heat kernel for quotient manifolds M/Γ. We will
see examples of this below.
Thermal AdS3
We are interested in the heat kernel for a spin s field in Euclidean AdS3, denoted by H
+
3 ,
and more specifically its thermal version, given by the quotient H+3 /Z. The metric of H
+
3 is
given by
ds2 =
dzdz¯ + dy2
y2
, y > 0. (76)
On these coordinates the generator of Z acts as
γ · (y, z, z¯) = (|q|−1y, q−1z, q¯−1z¯), (77)
where q = e2πiτ . This leaves the metric invariant but is equivalent to a global identification,
so that the boundary is a torus of modulus τ = τ1 + iτ2. The corresponding heat kernel for
generic spin s has been worked out in [5], but we find it convenient to apply the geometrical
approach of [21]. Following their notation we introduce the integrated kernel for thermal
AdS3 given by
K(s)(t, τ, τ¯) =
∑
m∈Z
∑
a
∫
H+3 /Z
d3x
√
gKsaa(t; x, γ
m · x). (78)
The sum over m corresponds to the sum over images that defines the quotient. The indices
a, b in Ka,b(t; x, y) are labels for the 2s+1 dimensional spin-s representation. Exploiting the
fact that H+3
∼= SL(2,C)SU(2) in [21] an expression for K(s)(t, τ, τ¯) is given, in terms of SL(2,C)
characters χj1,j2(α) for the diagonal group element diag(α, α
−1) ∈ SL(2,C):
χj1,j2(α) =
α2j1+1α¯2j2+1 + α−2j1−1α¯−2j2−1
(α− α−1)(α¯− α¯−1) . (79)
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In terms of these the expression takes the form
K(s)(t, τ, τ¯) = K
(s)
0 (t) + τ2
∑
m∈Z/{0}
∫ ∞
0
dλ
(
χj1,j2(e
mπiτ ) + χj2,j1(e
mπiτ )
)
e−t(λ
2+s+1), (80)
where 2j1 = s− 1 + iλ, 2j2 = −s− 1 + iλ and the contribution from m = 0 is given by [21]
K
(s)
0 (t) =
vol
(
H+3 /Z
)
(4πt)3/2
(2− δs,0)(1 + 2s2t)e−t(s+1). (81)
Performing the integral over λ we obtain
K(s)(t, τ, τ¯) = K
(s)
0 (t) + τ2
∑
m=1
cos(2πsmτ1)
sin(mπτ) sin(mπτ¯ )
√
π√
t
e−
pi2m2τ22
t
−t(s+1) (82)
As shown in [5] the one-loop partition function for the spin-s contribution is given by
logZ(s)(τ) = −1
2
log det (∆s − s(s− 3)) + 1
2
log det (∆s−1 − s(s− 1))
=
1
2
lim
α→0
∂α
∫ ∞
0
dt
tα−1
Γ(α)
(
K(s)(t, τ, τ¯)e−s(s−3)t −K(s−1)(t, τ, τ¯ )e−s(s−1)t)
=
6s− 6s2 − 1
6π
vol
(
H+3 /Z
)
+
∞∑
m=1
1
m
(
qms
1− qm +
q¯ms
1− q¯m
)
. (83)
The volume vol
(
H+3 /Z
)
is divergent, but following [14] we can regularise it and obtain
vol
(
H+3 /Z
)
= −τ2π2 (84)
Putting all together we obtain
Z
(s)
1−loop(τ) = (qq¯)
− 1
24
(6s2−6s+1)
∞∏
n=s
1
(1− qn)(1− q¯n) , (85)
in perfect agreement with the result quoted at the beginning of this section . Considering now
the total contribution to the one-loop partition function arising from spins s = 2, 3, · · · , N
we find
Z(q) = (qq¯)−
1
24
(cg−1−N+2N3)
N∏
s=2
∞∏
n=s
1
(1− qn)(1− q¯n) . (86)
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Note that this reproduces precisely the Vacuum WN character provided the central charge
of the conformal field theory is corrected by the shift
c = cg − 1−N + 2N3, (87)
where cg is the classical central charge resulting from the Brown-Henneaux procedure.
As an aside, we pause to note that (87) will take a qualitatively different form if we redo
the calculation with supersymmetry. For N = (1, 1) supersymmetry, the relation between c
and cg is quadratic in N instead of cubic; for N = (2, 2) supersymmetry it is linear in N ;
and finally for more amounts of supersymmetry we have c = cg. See Appendix C for details.
Conical defects
We are now ready to compute the one-loop partition function in the presence of a conical
defect singularity.8 The conical defect background is given by a further quotient, H+3 /Γ with
Γ = Z× ZM . We have now two generators γ1, γ2 that act as
γ1 · (y, z, z¯) = (|q|−1/My, q−1/Mz, q¯−1/M z¯), γ2 · (y, z, z¯) = (y, e−2πi/Mz, e2πi/M z¯). (88)
Note that γM2 = 1. The heat kernel can again be computed by the method of images and
takes the form
K
(s)
M (t, τ, τ¯) = K
(s)
M,0(t)+
τ2
M2
M∑
n=1
∑
m∈Z/{0}
∫ ∞
0
dλ
(
χj1,j2(e
πiτ m
M eπi
n
M ) + χj2,j1(e
πiτ m
M eπi
n
M )
)
e−t(λ
2+s+1).
(89)
with j1, j2 as before, and we have singled out the contribution from m = 0. Let us first
analyse this piece. This will now have two terms
K
(s)
M,0(t) =
vol
(
H+3
Z×ZM
)
(4πt)3/2
(2− δs,0)(1 + 2s2t)e−t(s+1) +
√
πτ2
2
√
tM2
M−1∑
n=1
cos
(
2πsn
M
)
sin2
(
nπ
M
) e−t(s+1) (90)
=

vol
(
H+3
Z×ZM
)
(4πt)3/2
(2− δs,0)(1 + 2s2t) +
√
πτ2
6
√
tM2
(6s2 +M2 − 6Ms− 1)

 e−t(s+1).
8The conical defects considered in this paper are different to the ones considered in [22]. Theirs corre-
spond to smooth geometries, which in the SL(N) Chern-Simons formulation of higher spin gravity in AdS3
correspond to trivial holonomies for the SL(N,R) connection. For the solutions considered here, the holon-
omy to the M th power is trivial, but the holonomy itself is not. Furthermore, the solutions considered here
are always consistent with unitarity, unlike the solutions in [22].
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As before, the divergent volume of
H+3
Z×ZM can be regularised and we obtain
vol
(
H+3
Z× ZM
)
= −π
2τ2
M2
. (91)
With this we obtain
K
(s)
M,0(t) =
√
πτ2 (2t (M
2 − 6Ms + 3s2 − 1)− 3)
12M2t3/2
e−(s+1)t. (92)
Going back to K
(s)
M (t, τ, τ¯) and performing the integrals over λ we obtain
K
(s)
M (t, τ, τ¯) = K
(s)
M,0(t) +
√
πτ2
2
√
tM2
M∑
n=1
∑
m∈Z/{0}
cos
(
2πs
M
(n+mτ1)
)
sin
(
π
M
(n+mτ)
)
sin
(
π
M
(n+mτ¯ )
)e−m2pi2τ22M2t −(s+1)t.(93)
Plugging this into the expression for the one-loop determinant we obtain
logZ(s)(τ) =
1
2
lim
α→0
∂α
∫ ∞
0
dt
tα−1
Γ(α)
(
K
(s)
M (t, τ, τ¯)e
−s(s−3)t −K(s−1)M (t, τ, τ¯)e−s(s−1)t
)
(94)
=
π
6
τ2 −
M∑
n=1
∞∑
m=1
∞∑
ℓ=0
1
mM
cos
(
2πn(ℓ+ s)
M
)(
q
m
M
(ℓ+s) + q¯
m
M
(ℓ+s)
)
(95)
The sum over m can be done at once, and the sum over n gives
M∑
n=1
cos
(
2πn(ℓ+ s)
M
)
= Mδ0,ℓ+s (mod M). (96)
This implies ℓ+ s = kM , but note the smallest value of k is
⌊
s−1
M
⌋
+ 1. Putting together all
ingredients we obtain
Z
(s)
1−loop(τ) = (qq¯)
− 1
24
∏
k=⌊ s−1M ⌋+1
1
(1− qk)(1− q¯k) . (97)
Note that the dependence on M and s is only through the floor
⌊
s−1
M
⌋
. Let’s consider now
the total contribution from fields of spin s = 2, 3, · · · , N to the one-loop partition function.
We will first assume N ≤M so that all products in Z(s)1−loop(τ) start from k = 1. In this case
we obtain
Z(s),N(τ) = (qq¯)−
cg
24M2
−N−1
24
N∏
s=2
∞∏
k=1
1
|1− qk|2 =
(qq¯)−
c
24M2
|η(τ)|2 , (98)
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where we have included the classical contribution, which in the presence of a conical sin-
gularity is (qq¯)−
cg
24M2 . This exactly agrees with a WN non-degenerate character for a scalar
operator. What is the weight of this operator in the CFT? Comparing the expressions for
the non-degenerate characters and denoting c the central charge of the CFT we find h = h¯
with
h− c− (N − 1)
24
= − cg
24M2
, (99)
and rewriting the BH central charge cg in terms of c, using (87) we find
h =
c−N + 1
24
(
1− 1
M2
)
+
N3 −N
12M2
. (100)
Let us end with the following comment. Imagine we consider N > M . This will lead to
terms of the form (1 − q)(1− q¯) missing from the final expression for Z(s),N(τ). In order to
write the result in terms of non-degenerate WN characters, we need to divide and multiply
by the corresponding factors, so that now the answer will be, for instance, of the form
(1 − q)(1 − q¯) (qq¯)
−
cg
24M2
|η(τ)|2 . This however corresponds to two scalar operators with positive
norm, together with two operators with J = ±1 and negative norm, and hence it seems to
violate unitarity. We conclude that unitarity requires N ≤M .
Comparison
The twist of the first allowed conical defect is given by
τ =
c−N + 1
24
(
1− 1
N2
)
+
N2 − 1
12N
. (101)
Which agrees precisely with the average of operators needed to cure negativity in section
3. We can now ask the following question. Imagine we add this contribution to the path
integral, with the degeneracy derived in the CFT computation. To what extent does this
cure the negativity? Let us consider W2 for simplicity and work in the regime where c≫ j.
The density in the dangerous region is given by
ρj(e) ∼ −e2π
√
( c−124 )j − e2π
√
( c−124 −1)j + e2π
√
( c−124 − 12+δτ1)j + e2π
√
( c−124 − 12+δτ2)j , (102)
where δτ1, δτ2 are higher loop corrections to the twist of the conical defects, and in particular
could lift the degeneracy. These corrections have two sources: higher order corrections to the
relation between the 2d central charge and the gravitational central charge cg; and quantum
corrections to the conical defects themselves. We would like to make a few observations.
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First, if δτi ∼ 1c , as naively expected, then the addition of the two conical defects above does
not quite cure the negativity problem. On the other hand, for δτi >
1
c1/2
, then quantum
effects become sufficiently important, and negativity could be cured. The situation is very
similar for all HS theories. There are many reasons why the 1/c expansion could contain
non-analytic terms (such as fractional powers or terms containing log c). This could arise for
instance, from a higher dimensional embedding necessary to render the theory UV complete
or when regularising divergences.
5 Conclusions
In this paper we analyzed both the Poincare and Rademacher sums of the WN vacuum
characters for c > N − 1. We found that both constructions, similar to the Virasoro case,
result in a continuous spectrum of WN primary operators that is not positive definite. One
natural way to cure such negativity is the addition of the Poincare/Rademacher sum of
operators with twist parametrically below c/24. We then interpreted these operators as ZM
orbifolds of the higher spin gravity theory in AdS3.
This proposal passes several nontrivial checks. The first is that the Poincare/Rademacher
sum of theWN character is negative, and from a CFT perspective this negativity is naturally
cured with states that obey
min(h, h¯) ≤ c
24
(
1− 1
N2
)
+O(1), (103)
which would correspond to ZN orbifolds in the higher spin gravity theory. We indeed then find
that these are precisely the first orbifolds that are consistent to include in the gravitational
path integral.
The second consistency check is the one-loop piece of the story. If we demand positivity
in the spins with j ≪ c, then we are compelled to add states that obey in average
min(h, h¯) ≤ c−N + 1
24
(
1− 1
N2
)
+
N2 − 1
12N
, (104)
which is precisely the one-loop shift that we compute for the ZN orbifolds from the gravity
computation via the heat kernel method.
In order to compare the one-loop shift of the states added to the CFT in (104) with the
one-loop shift of the ZN orbifolds from the higher spin gravity theory, it was necessary to
relate the Brown-Henneaux central charge cg =
3ℓAdS
2GN
with the CFT central charge c:
c = cg + 2N
3 −N − 1 + o(1). (105)
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This generalizes the computation done for Virasoro to the case of WN .
There are a number of puzzles and interesting questions that deserve mention. The first
is it is worth pausing to emphasize that it is still an open question as to whether or not
any theory with WN symmetry (and no enhanced chiral algebra) exists for c > N − 1.
Indeed in [12], it was shown that unitarity of the Kac matrix places lower bounds that scale
with c on the twist of all non-vacuum primary operators in such putative theories. Our
bounds (104) are consistent with the unitarity bounds of [12], but it would be interesting to
explore whether further constraints can rule out (or identify) these CFTs. A candidate for
such constraints is positivity and discreteness/integrability of the spectrum. As discussed
in [10] both the Rademacher or Poincare construction, which only take modular invariance
plus a given light spectrum into account, suffer from ambiguities. We expect much of these
ambiguities to be fixed by the requirement of positivity and discreteness/integrability of the
spectrum. See [23] for a discussion along these lines. Perhaps in the context of higher spin
theories one could show that these conditions, plus the extra HS symmetry, are either too
strong, and in this way one could rule out these theories, or help fix the spectrum completely.
Another point we would like to emphasize is other potential ways to resolve the negativity
seen in the density of states. In recent work [18, 19], it was proposed that a spin-dependent
shift in the BTZ threshold could be enough to cure the negativity in a modular invariant
way. This was obtained by proposing that a new class of topologies should be included in
the path integral, which do not correspond to classical solutions. It would be interesting to
see if a similar analysis argues a way to fix the negativity in higher spin gravity; and also
to explicitly construct positive modular invariant partition functions with states essentially
only appearing at the BTZ threshold (both for Virasoro and for WN).
Finally, we have seen that the issue of negativity after adding the first tower of conical
defects is sensitive to higher order loop corrections. The naive expectation is that both the
relation between CFT and gravity central charges, as well as the dimension of conical defects,
receive corrections of order 1/c. However, as discussed in the previous section, this may not
be the case. It would be very interesting to consider higher loop corrections to the path
integral.
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A Modular invariant partition functions
In this appendix we would like to show that the Poincare and Rademacher constructions both
lead to a modular invariant partition function. In both constructions modular invariance is
built in, but infinite sums are involved, which could in principle diverge. Here we would like
to address this point. We will focus in the case of a scalar seed J = 0, for which we have
found a closed form expression. Taking the Poincare density (29) for s = 1, expanding it in
powers of E and computing the contribution from a given spin j to the partition function
Zp we find
ZpPoincare|j =
∑
s=1
K(j, 0, s)
sN−1
∑
k=0
2k+1
√
y
(− E
s2
)k
π
1
2
(4k+N−1)jk+
N
2
−1Kk+N
2
−1(2jπy)
Γ(k + 1)Γ
(
k + N
2
− 1
2
) . (106)
We would like to write the full answer for the partition function in terms of known modular
functions. The building blocks are the real analytic Eisenstein series
Em(τ) =
1
2
∑
(p,q)=1
ym
|pτ + q|2m . (107)
These have the following Fourier decomposition
Em(τ) = y
m +
ζˆ(2m− 1)
ζˆ(2m)
y1−m +
4
ζˆ(2m)
∑
j=1
cos(2πjx)jm−1/2σ1−2m(j)y1/2Km−1/2(2πjy),
(108)
where σ1−2m(j) is the divisor function and
ζˆ(z) = π−z/2Γ
(z
2
)
ζ(z). (109)
The claim is that for a scalar seed the partition function ZpPoinc(q, q¯) can be written as a
linear combination of Eisenstein series. To see this we write the divisor function σ1−2m(j) =
j1−2mσ2m−1(j) as
σ1−2m(j) = ζ(2m)
∞∑
s=1
1
s2m
K(j, 0; s). (110)
Comparing the contribution for a given spin j we find
ZPPoincare(τ) =
∞∑
k=0
(2π)k(−E)k
Γ(k + 1)
EN+2k−1
2
(τ). (111)
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The partition functions arising from the Rademacher construction, for a scalar seed, can also
be written as linear combinations of Eisenstein series. For N odd the result agrees with that
of the Poincare series. For N even we obtain
ZPRademacher(τ) =
∞∑
k=0
(2π)k−
N
2
+ 3
2 (−E)k−N2 + 32
Γ
(
k − N
2
+ 5
2
) Ek+1(τ). (112)
Let us now discuss the issue of convergence. We have used the density for j 6= 0 to express
the partition function in terms of real Eisenstein series. For N = 2 the issue of regularisation
for the Poincare series was discussed in [8]. For N = 3 for both constructions, and for even N
in the Rademacher construction, we see the series contain the Eisenstein series E1(τ), which
is divergent. We can regularise it by using the first Kronecker limit formula which gives
Ek(τ) =
π
k − 1 + 2π(γ − log 2− log
(√
y|η(τ)|2)) +O(k − 1). (113)
The divergent piece is a constant, x−independent, and hence it can be subtracted without
spoiling modular invariance and without modifying the density for j 6= 0. On the other
hand, the term that goes like log y cannot be subtracted. This will induce a density at spin
zero found by computing the inverse Laplace transform of y−
N−1
2 log y. This leads to
ρ(e) ∼ eN−32 (log e+ c) . (114)
As e → 0 this diverges as a power for N = 2, logarithmically for N = 3 and converges for
N = 4, 6, · · · .
B Higher spin symmetry and unitarity
Since the characters for WN algebra for any N represent a complete set of holomorphic
functions, one can wonder how strong the constraint that a given partition function admits
a decomposition into WN characters is. As we will see, when combined with unitarity, this
can give very strong constraints. First, the representations that appear must be unitary.
While for Virasoro algebra W2 all representations with h ≥ 0 are equal to zero, this is not
true in general. For general WN the vacuum representation h = 0 is unitary, and then there
is a gap, and unitarity requires [12]
h ≥ hcrit = c− (N − 1)
24
(
1− 6
⌊
N
2
⌋
N(N2 − 1)
)
. (115)
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Second, the multiplicities must be positive. Consider for example a non-vacuum character
for W3 and expand it into W2 characters. We obtain
χ
(3)
h (q) = χ
(2)
h (q) + χ
(2)
h+1(q) + 2χ
(2)
h+2(q) + 3χ
(2)
h+3(q) + · · · =
∑
n=0
a(n)χ
(2)
h+n(q) (116)
where a(n) is positive and denotes the number of partitions of n. The same is true for
the vacuum character for W3, which admits a decomposition into the vacuum plus non-
vacuum characters of W2 with positive coefficient. Hence, if a partition function admits
a decomposition into W3 characters of unitary representations with positive coefficients, it
also admits a decomposition into W2 characters of unitary representations with positive
coefficients. The converse is not true. For instance, decomposing aW2 character intoW3 we
obtain
χ
(2)
h (q) = χ
(3)
h (q)− χ(3)h+1(q)− χ(3)h+2(q) + χ(3)h+5(q) + χ(3)h+7(q)− χ(3)h+12(q) + · · · (117)
which contains negative coefficients. The same is true for the vacuum character.
C One-loop shift for HS supergravity
Our goal of this appendix is to show non-existence of the one-loop shift of the central charge
when we impose a sufficient amount of supersymmetry. To see this, we apply the heat kernel
method to compute the one-loop partition function of HS supergravity on thermal AdS3.
HS supergravity with N = (p, q) supersymmetry is known to be described by a Chern-
Simons theory with an extended higher-spin superalgebra shsE(p, q;C) that was constructed
in [24]. The theory also involves massive scalar particles as well as fermionic degrees of
freedom coupled to the higher spin fields. Here we focus on the one-loop partition function
of the massless particles. We first investigate the one-loop shift of the central charge for
N = (1, 1) and N = (2, 2) HS supergravity, and then generalize the computation to the
higher supersymmetric case.
N = (1, 1) HS supergravity
The one-loop partition function of the N = (1, 1) HS supergravity takes the form
Z
(s)
1−loop(τ, τ¯) = Z
(s),B
1−loop(τ, τ¯)Z
(s−1),F
1−loop (τ, τ¯), (118)
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where Z
(s),B
1−loop(τ, τ¯) denotes the contribution of the massless bosonic particles of spin s which
was already computed in the main text in (85). Z
(s),F
1−loop(τ, τ¯) represents the one-loop partition
function of the massless fermionic particles of spin s+ 1
2
and its explicit form is given by [25]
logZ
(s),F
1−loop(τ, τ¯ ) =
1
2
log det
(
∆s+ 1
2
− (s+ 1
2
)(s− 5
2
)
∆s− 1
2
− (s− 1
2
)(s+ 1
2
)
)TT
. (119)
With the help of the expressions of the heat kernel (81) and (82), it is easy to see that the
one-loop partition function for the spin s+ 1
2
fermion is given by
Z
(s),F
1−loop(τ, τ¯) = (qq¯)
12s2−1
48
∞∏
n=s
|1 + qn+ 12 |2. (120)
We imposed a factor of (−1)m to the non-zero mode, due to the anti-periodicity of the
fermionic fields along the thermal circle.
As a consistency check, let us apply above formulas to the N = (1, 1) supergravity by
simply substituting s = 2 to (118). One can check that the one-loop partition function takes
the form
Zs=21−loop(τ, τ¯) = (qq¯)
− cg
24
− 5
16
∞∏
n=2
|1 + qn− 12 |2
|1− qn|2 . (121)
The above one-loop partition function (121) is simply the vacuum character of the N = 1
super-Virasoro algebra (with a renormalized central charge). It counts the thermal exci-
tations obtained by acting with the super-Virasoro generators on the vacuum state. (121)
therefore reproduces the one-loop partition function as argued in [8].
To obtain the full one-loop partition function of the N = (1, 1) HS supergravity, we
consider the total contributions of spin s = 2, 3, · · · , N . We find
Z(τ, τ¯) =
N∏
s=2
(
Z
(s),B
1−loop(τ, τ¯)Z
(s−1),F
1−loop (τ, τ¯)
)
= (qq¯)−
1
24
(cg− 32 (1−N)+3N2)
N∏
s=2
∞∏
n=s
(1 + qn−
1
2 )(1 + q¯n−
1
2 )
(1− qn)(1− q¯n)
(122)
and this result implies that the one-loop shift of central charge is as follows:
c = cg − 3
2
(1−N) + 3N2 (123)
The dependence on N in the shift (123) is quadratic, as opposed to the bosonic case (87),
where it was cubic.
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N = (2, 2) HS supergravity
Let us now consider N = (2, 2) HS supergravity. After considering the total contributions
of the massless higher spin particles, we arrive at the expression [25]
Z1−loop(τ, τ¯) =
N∏
s=2
Z
(s),B
1−loop(τ, τ¯)Z
(s−1),B
1−loop (τ, τ¯)
(
Z
(s−1),F
1−loop (τ, τ¯)
)2
. (124)
Immediately we find the one-loop partition function can be computed as
Z1−loop = (qq¯)
− cg
24
−N−1
8
N∏
s=2
( ∞∏
n=s
1
|1− qn|2
)( ∞∏
n=s−1
1
|1− qn|2
)( ∞∏
n=s−1
|1 + qn+ 12 |2
)2
, (125)
and the one-loop shift of the central charge reads
c = cg + 3N − 3. (126)
HS supergravity with higher supersymmety
Finally, we consider the one-loop partition function for HS supergravity with higher super-
symmetry. More precisely, we consider N = (p, p) supersymmetry for p > 2. In general, the
partition function takes the form
Z1−loop(τ, τ¯) =
N∏
s=2

⌊
p
2
⌋∏
i=0
(
Z
(s−i),B
1−loop (τ, τ¯)
)C(p,2i) ⌊ p−12 ⌋∏
j=0
(
Z
(s−1−j),F
1−loop (τ, τ¯)
)C(p,2j+1) (127)
where C(n, r) denotes the binomial coefficient. To proceed, we simply substitute (85) and
(120) to (127). After some computation we find that the central charge reads
c = cg, (128)
for any p > 2. Therefore, we conclude that there is no one-loop shift in the central charge
when we have enough supersymmetry.
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